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Abstract— Accurate and robust extrinsic calibration is nec-
essary for deploying autonomous systems which need multiple
sensors for perception. In this paper, we present a robust
system for real-time extrinsic calibration of multiple lidars in
vehicle base frame without the need for any fiducial markers
or features. We base our approach on matching absolute
GNSS and estimated lidar poses in real-time. Comparing
rotation components allows us to improve the robustness of
the solution than traditional least-square approach comparing
translation components only. Additionally, instead of comparing
all corresponding poses, we select poses comprising maximum
mutual information based on our novel observability criteria.
This allows us to identify a subset of the poses helpful for real-
time calibration. We also provide stopping criteria for ensuring
calibration completion. To validate our approach extensive tests
were carried out on data collected using Scania test vehicles
(7 sequences for a total of ~ 6.5 Km). The results presented
in this paper show that our approach is able to accurately
determine the extrinsic calibration for various combinations of
sensor setups.

I. INTRODUCTION

Autonomous vehicles require multiple sensors to create
360° sensing coverage for navigating safely and redundancy.
Thus it is important to determine the accurate mounting
position of the sensors in the vehicle which is referred to
as extrinsic calibration. It is not possible to fuse the sensing
data in a common reference frame without correct extrinsic
calibration parameters. In our work we focused on extrinsic
calibration of multi-lidar systems.

Extrinsic calibration can be performed in 2 ways: Offline
and Online. Offline procedure refers to matching features
between the lidars by placing fiducial markers in their
common field-of-view (FoV) of both the sensors [1I], [2].
Online calibration is performed by matching the estimated
states of the sensor in its corresponding sensor frame [3], [4],
(31, (6], [7], [8]]. Its desirable to perform online calibration
since the sensors may not have common FoV and at the
same time it reduces engineering effort compared to offline
process.

Online calibration methods rely on motion of the mobile
platform. At the same time it is well known [9], [10], [11],
all motion segments do not provide enough information
necessary for extrinsic calibration. Hence, identifying the
degenerate motion segments help to discard poses which are
not necessary for extrinsic calibration computation.

We provide an observability-aware online calibration frame-
work which can be run in the vehicle for calibrating multiple
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Lidar Field of View

Fig. 1.
around one data collection vehicle, when the sensors are calibrated. The
vehicle base frame B, is located at the center of the rear axle. The sensor
frames of the lidars are: LU LFR) | L(Ba) and L(FL) | represented in solid
lines; whereas, the sensor frames of the IMUs are: I(FL)| 1(Fr) 1(Re) and
(R, represented in dashed lines. (FL): front-left, (Fg): front-right, (Rg):
rear-right and (R): rear-left.

Tlustration of the four lidars with their embedded IMUs positioned

lidars in real-time. We also provide an analytical study on the
effect noisy state estimates in the online calibration process.

A. Motivation

The mobile platforms used in our experiments have
multitude of sensors as shown in Fig. m Moreover, before
any autonomous run it is necessary to ensure that the sensors
are properly calibrated. So we need to perform real-time
calibration of all the sensors wrt to a common reference
frame, usually located in center of the rear-axle. We also need
to identify motion segments which provide enough excitation
for different degrees of freedom required for calibration.
Finally we need a mechanism to understand when the online
calibration performance is satisfactory.

To achieve this, we calibrate all the lidars wrt a GNSS
system which reports pose of the common reference frame
in global frame. The GNSS system additionally reports the
inertial measurements of the vehicle. All the lidar sensors
used in our experiments also have an embedded IMU. Hence,
for observability analysis we compare only the raw angular
velocity signals between the GNSS system and the embedded
IMU within the lidar(s) unlike comparing estimated states
which inherently has process noise. Finally, we introduce a
cost function to stop the calibration process when the results
are satisfactory.



B. Contribution

Our work is motivated by the broad literature in motion
based calibration. Our proposed contributions are:

o An extrinsic calibration algorithm to calibrate multiple
lidars in real-time using GNSS reference poses with a
calibration completion criteria.

o A novel approach for observability analysis based on
comparing raw angular velocity signals.

« We also provide our analytical study on sensitivity of the
estimated states used in our online calibration algorithm.

e Verification of our method based on data collected from
Scania autonomous vehicles with the sensor setup shown
in Fig. 2} with FoV schematics similar to Fig. [I}

II. RELATED WORK

Online extrinsic calibration based on different strategies is
an widely studied area. In our discussion we briefly review
the relevant literature and motivate our choice of method
adapted in our work.

A. Motion-based methods for online extrinsic calibration

Online extrinsic calibration based on the Hand-Eye method
[12], [13] is an extensively studied topic. Initial research
on motion-based calibration aligned a gripper (hand) and a
camera (eye) by estimating the motion of the gripper along
with the camera and constraining their poses with a fixed
rigid body transformation, this approach is called Hand-Eye
calibration and has been reviewed by Shah et al. [14]. Multi-
camera extrinsic calibration with the Hand-Eye method have
been explored in works like Camodocal [4]] and recently
extended to multi-lidar extrinsic calibration [15], [16].

Instead of performing Hand-Eye calibration, in Kalibr [9]
the authors automatically detected sets of measurements from
which they could identify an observable parameter space and
then performed a maximum likelihood estimate (MLE) by
minimizing the errors between landmark observations and
their known correspondences. They also discarded parameter
updates for numerically unobservant directions and degenerate
scenarios. Furgale et al. [3]] further generalized Kalibr for
spatio-temporal calibration. We build upon the philosophy of
Kalibr and minimize the error between the poses estimated
by the lidar(s) and the GNSS in a batch optimization process
to recover the extrinsic calibration parameters.

1) Types of motion models: Huang et al. [6] proposed a
framework to evaluate different motion based strategies with
their work on noise sensitivity analysis. They categorized the
motion-based methods as:

o Model A: Comparing absolute poses in a common frame.
e Model B: Comparing absolute poses in separate frames.
e Model C: Comparing relative poses — Hand-Eye method.

They show that Model A performs well for all the relative
angles between the pose pairs and has minimum number
of degeneration zones. Hence, we base our cost function to
recover transformation based on Model A.

Fig. 2. Reference frames conventions for our bus and truck platforms. In
both cases, the world frame W is a fixed frame, while the base frame B, as
shown in Fig. m is located at the rear axle center of the vehicle. Each sensor
unit contains the two optical frames C, an IMU frame, I, and lidar frame L.

2) Types of cost functions: We can formulate the cost
function in 2 different approaches:

e Minimize the absolute translation in a least-square
approach [17], [L8].

o Assume additive Gaussian noise in the estimated poses
and minimize the weighted noise [19], [[7] component.

In our work we formulate our cost function as a least-
square problem. Unlike comparing only the translation
component for comparing the poses we also compare the
rotation components using the Q-method by Davenport [20].
Additionally, we analytically show that optimization problem
remains invariant under certain noisy conditions. We also
base our novel observability criteria based on comparing the
raw angular velocity signals and stop the calibration process
when satisfactory performance is reached.

B. Lidar odometry

There have been vast array of works on lidar odometry
after the LOAM paper by Zhang et al. [21]]. Often geometric
features are extracted from the point clouds and tracked
between frames for computational efficiency of various state
estimation algorithms [22]), [23], [24]]. However, this principle
doesn’t work for featureless environments. Hence, instead of
feature extraction, the whole point cloud is often processed,
which is known as direct estimation, shown in works like Fast-
LIO2 [25] and Faster-LIO [26]. We adapted Fast-LIO2 for
estimating lidar odometry in our online calibration algorithm.

III. PROBLEM STATEMENT
A. Sensor platform and reference frames

The sensor configuration used is as shown in Fig. [2] for
a bus and truck. We also show illustrations of the fields-of-
view of the sensors for the bus in Fig. [I} Each of the sensor
housings contains a lidar with an integrated IMU and two
cameras. Please note the cameras are not used for this work.

First we will describe the necessary notation and the
reference frames used in our system. The vehicle base frame,
B is located on the center of the rear-axle of the vehicle. Sensor
readings from GNSS, lidars and IMUs are represented in their
respective sensor frames as G, L) and I(%) respectively.
Here, k € [F,Fg, Ry, Ry] denotes the location of the sensor
in the vehicle corresponding to front-left, front-right, rear-
left and rear-right respectively. The GNSS measurements are
reported in world fixed frame, W and transformed to B frame
by performing a calibration routine outside the scope of this
work. In our discussions the transformation matrix is denoted



as, T = ORst‘S ;3“ J € SE(3) and RRT = I33, since
the rotation matrix is orthogonal.

B. Problem formulation

Our primary goal is to estimate the extrinsic calibration
of multiple lidar sensors wrt the base frame and to recover
Ty in real-time without the need for any fiducial markers.
Since, our method is based on a motion-based approach, we
first estimate the pose of the lidar sensor, T (v, at time ¢

in its corresponding sensor frame, L(k), priorlto the online
calibration. We also study the effect of process noise in our
algorithm and identify the states which provide maximum
excitation for different degrees of freedom, based on which
online extrinsic calibration is performed.

IV. METHODOLOGY
A. Initialization

All the GNSS poses in base frame, B are normalized wrt
to the initial pose, ;T. The GNSS unit also provides IMU
measurements in the G frame using its internally embedded
IMU. These measurement are then transformed to base frame,
B. For gravity alignment we use the equations 25 and 26
from [27]] to estimate roll and pitch after collecting IMU data
when the vehicle is static for few seconds according to the
GNSS estimate.

Note that the noise processes and starting bias estimates
for the embedded IMU sensor within the lidars and the
GNSS unit were characterized in advance by estimating the
Allan Variance [28|] parameters using logs collected while
the vehicle was stationary.

B. Lidar-IMU calibration

The integrated IMU within the lidar is utilized to rectify
motion-induced lidar distortion as well as to pre-compute the
initial guess for scan matching within the lidar odometry.
Hence, it is important to calibrate the lidar and its corre-
sponding integrated IMU. If the sensor supplier provided
extrinsics are not available, the calibration can be formulated
as a Hand-Eye problem to estimate the relative IMU and
lidar poses separately. We integrate the IMU measurements
between estimated lidar poses using IMU preintegration [29].
The state propagation equations are based on the IMU data
[w : angular velocity, f : linear acceleration] between two
timestamps [t;, t;] for all the At (inverse of sensor frequency)
intervals in the SE(3) manifold is derived in [29] as:

j—1
ARij = H EXp (wIkAt) s
k=i
j—1
Avij =Y ARipfy, At, (1)
k=i
Jj—1 1
Apij = Z [AvikAt + §ARikfIkAt2 ,
k=i
where, AR;;, Av;;, Ap;; represent the relative rotation,
velocity and position respectively. Based on the computed

lidar and IMU relative poses (Eq. [T) we formulate a
Hand-Eye problem as,

Tr,p, Tor = Ter' Ty g 2)

Since, we use the relative transforms from the IMU propa-
gation, Rf; is determined by equating the rotation parts in
Eq.[2] in quaternion form, similar to [8] as,

di;r; ® qur = dur @ g, 1,
[L(QL,iLj) - 'R(QIin )} qur =0, (3)
Ag

=

where, the matrices, £(q) and R(q) are defined as,

£(q) = [ ok~ a }

_qv qs
SI + v v
R(q) = [ ! 3_q[Tq B 35 }

and, q is a quaternion represented as,

q= qs

Scalar component

+ Q’I‘E + Qyj + QZ]; = [q‘sa qv] . 4
—_—

Vector component

For a set of relative poses we can form a system of
linear equations of the form, Ax = 0, where A =
[AT AT ... AT]T. qf; lies in the nullspace of A, which
corresponds to the right unit singular vector with the smallest
singular value of A.

After finding qf;, for the translation component we get,

(RLiL]' - I) tLI Eq:@ (REItIin - tLiLj)7 (5)

Ay B

which is a system of linear equations of the form, Ax = B,
where, A = [AL AT ... AT|T BT = B BT ... BI|T
and x = tp1. This is an over-determined system which can
be solved using a least-square approach as,

x* = argmin |[Ax — B|/%, (6)

where, 3 denotes the covariance of the residual. For these
problems, the general strategy [30] is to iteratively approxi-
mate the original problem by linearizing as, F'(x + Ax) ~
F(x)+J(x)Ax, where, J being the Jacobian of F'(x). Thus,
X is updated in the current iteration as, x < x H Ax, where
B is an additional operator on the manifold and the problem
then becomes,

1
AxX* = arg min 5||(A§< - B)+ ATAx|%. (7)
Ax

The optimal solution is given by,

(IT=71T)
N————

Fisher information matrix

Ax=-J'2"'(Ax-B). (8

In practice, since we can take a reliable initial estimate for
the translation component from the vehicle’s CAD model, we
search for x* only in a local neighborhood within reasonable



bounds. Thus, we solve a bounded variable least squares
problem as,

x* = argmin || Ax — B||%, 9)
L<x<U
where, L and U are the lower and upper bounds of x
respectively. Thus the solution space in Eq. [/| is modified
with an additional constraint as,

1
Ax* = argmin - |[(Ax — B) + AT Ax||%,
gmin 5 (A%~ B) B
st L<x+ Ax <U.

C. Lidar calibration in base frame

Let, T, be the pose of the base frame obtained using
the GNSS measurements at timestamp ¢;. And, TL(_;C) be

the pose of the k' lidar in its corresponding sensor frame
obtained from a state of the art state estimator [25] at
timestamp ¢;. Then our problem is to estimate the optimal
transformation matrix between 2 pair of poses accumulated
over N timestamps:

* *
* _ R3><3 t3><1
BL(K) — OT 1
N
2
= argmm E | Tero T, — Tyow |7 (11)
Tyt =1 ‘
N H RprmRe, — Ry, | Rppomte, + tara —to, 2
= argmin E
Ry (k) b i=1 H o’ ‘ o r
(12)

1) Initial calibration estimation: The initial extrinsics
can be recovered by aligning the initial set of translation
components, tg, and tp,, Vi = 1(1)N, using a 3D-point
cloud alignment method proposed by Kabsch et al. [[17] or
Horn et al. [18], by breaking the problem into rotation and
translation parts. Note that we omit the k' superscript for
brevity in the rest of our discussion.

2) Rotation estimation: For Frobenius norm,

clej
IA +BIfE = [[AlE + IB]F + 2(A, B)r
where, (A, B)r < S A;B,; = Tr (AB).

(%]

(13)
(14)

After recovering the initial parameters, the optimal rotation
optimization can be re-written as,

N
R;, =argmin Y |ReRs, — Ry, [|7

BL i=1

= argmln ZZ 1 I:HR}%—;RB || + ||R RL H —2Tr (RBLRB R )]

15)

N

= arg min E
Ro =1

2[1-Tr (RaRs,RL))], (16)

where, the rotation components are in SE(3), RRT = L
Because the constant terms do not affect the argmin operator,

we can discard those and introduce our proposed cost function
as,

N
J(RBL) = — Z Tr (RBLRBlRE) . (17)
=1

3) Q-method formulation: We formulate our problem as
Q-method [20]] and follow their ideas to convert the cost
function based on rotation matrices to quaternion form as
follows,

J(Rgy) Py [RBL TN, (RBlRLTL)] = — Tr[RerAsys], (18)

where, Azy3 = Zf\; (RBi RZ; ) The rotation matrix can be
expressed as a quaternion as,

Roo = (¢ —ayq0) I+ 2ava; — 2¢5[an], . (19)
where, [.]« is the skew-symmetric matrix. So, if we rewrite
the cost function of Eq.[I§]in quaternion space we get,

J(a) " T [((¢2 - aTan)T + 20007 — 2g [au],) A]

= — (¢ —dla,) Tr(A) —qf (AT + A) qu + 2¢5 Tr [(q,), A].
(20)

Expanding the last term in the Eq. 20] yields,

Tr [(QU) A]

= QT( (3 2) (2 3)) + Qy(A(LS) - A(37 1)) + QZ(A(Qv 1) - A(LQ))

= Aqy, 2n
A(2,3) — A(3,2)

where, A = | A(3,1) — A(1,3) |. Hence, in quaternion
A(1,2) — A(2,1)

form the cost functlon can be re-written as,

—dqyqv) Tr(A) —qf (A" + A) q, +2¢,Aq, (22)

Defining, I' = AT + A and = Tr(A) we get,

FEq. |22
J(q) " (2~ qTq,) T (A) — oF (AT + A) q, + 20.Aq,

=—(q (T — pI)ay + gsAqy + ¢ AT + ¢2p)

o[ (]

= —q'Kaq, (23)
where, q is the attitude quaternion (vector first), and K is the
Davenport matrix denoted as K = FXTN A . Since, I'

is symmetric, the Davenport matrix is also symmetric. From
spectral theorem [31]], we know that for any symmetric matrix,
the eigenvalues are real and the associated eigenvectors form
an orthonormal basis. We use this property to ensure a
deterministic solution in the next steps of the process.



4) Q-method optimization with Lagrange multiplier: We
can now perform a constrained optimization by considering
the orthogonal constraints of the rotation, qq” = I, which
can be introduced using a Lagrange multiplier, A. The
optimization function for Eq. 23] can then be re-written as,

minJ(q,A) = —q"Kq+ A (q"q—1) (24)
q,

. oJ
For minima, 9 = 0 = Kq=\q. (25)
q
The attitude quaternion which minimizes the cost function is
the unit eigenvector corresponding to the largest eigenvalue
of K (eigenvalues of a symmetric matrix are real and hence
can be sorted).

* = Ei tors(K) (26
a EigenI\I/;?ﬁ(es(K) rgenvec OI‘S( ) (26)

— winJ(a, ) PR ariaa-1n=-x @

a,
We only update the estimated extrinsic rotation parameters
if it improves the rotational cost function, as described in
V-C7

5) Translation estimation: Note that, because the motion
of the lidar is estimated in the sensor frame, it is not possible
to solve for the translation component without the relative
transformations and the rigid body constraint provided by
Hand-Eye method [12]]. From Fig. [3] we can write:

F >
Lt ﬂib.}, TL(FL)L(_FL)

v LT i—17"1 —",".,4“\\’

BE’ TBL(FL)

Fig. 3. Illustration of Hand-eye calibration between B and L(FL) frame.

TBi_lBi TBL = TBLTLi_lLia (28)

which can be further decomposed into the translation part
with the pre-computed optimal rotation in previous step as,

(RBi,lBi - I) tBL E‘I-:[E (RELtLi—lLi - tBi—1Bi)v
———
A; B;

(29)

where, Vi = 1(1)N, which can be computed using similar
principle of solving Eq. [9] with known prior bounds.

6) Observability analysis: Not all motions of the test
vehicle sufficiently excite the degrees of freedom of the
calibration technique. To ensure that online calibration is
reliable it is necessary to identify the dataset segments which
is suitable and ignore the others.

The extrinsics of I%) wrr B frame is strongly correlated
with the extrinsics of L) wrt B frame. Moreover, the angular
velocity at all the points in a rigid body are identical and can
be correlated to the motion estimate of the vehicle. Thus, we
formulate a cost function for maximizing the likelihood of
matching the angular velocity between I(*) and B frame as,

N
Rj; = argmin ) _ |Rews, — wr, [

B =1

T
S.1. RBIRBI = ]:37

(30)

Algorithm 1: Online lidar extrinsic calibration

Input: Lidar point cloud in L frame, GNSS reference
poses in B frame = Tj,, Angular velocity
signals of IMUs embedded in lidar and GNSS
= {w1,,ws, }, Batch size = N, Pose error
threshold = (3, Information threshold = e.

Output: TF

1 if not initialized then

2 if Ty is unknown then
// Estimate Tr,;Ly with lidar odometry

and Ti 1, using Eqg. for Hand-Eye

3 Estimate T1; using Eq. [3| and Eq.

4 Estimate Ty, using lidar odometry.

// Since, initial tp. can be measured, only
initial RpL computation is necessary

5 Compute initial Rp; and tg, by aligning the set of

ty, wrt tg,, Vi = 1(1)N by Umeyama [32] or

Horn [18] alignment.

. \/Ziv 1§TBL TBwTL )

and’ RError(RBL e - N \/Zz 1 SRBL RB77RL )
Let, Ty = {} and Ty = {}, be the set of all GNSS

and lidar poses which satisfy observability criteria.
while Error(Tg.) > (4 do

Let, Error(Ty) Eq':@]

=)

® 2

N

10 Estimate Ty, using lidar odometry.
11 Find closest Ty, wrt Ty, based on timestamp
correspondance of the poses.

12 if No. of corresponding poses = N then

13 Compute Zy « v (wp,, wr,) using Eq.

14 if Minimum singular value of Ty n > € then

15 Tg :=TpU{Ts,}, Vi=1(1)N.

16 Ty := T U{Ty,}, Vi=1(1)N.

17 Compute RBL between Tg and Ty by
solving for K using Eq.

18 if RError(l:A{BL) S RError (RBL) then

19 RBL = RBL-

20 Solve for t using Eq.

21 if Error('i‘BL) < Error(Tjz.) then

// Update current extrinsics

22 L TBL = TBL.

23 else

24 L Discard the set of current N poses.

25 Th = Thq

where, Wk and wg, are the angular velocities of 1*) and
B at timestamp ;. Since, Eq. [30] has similar form as Eq. [q]
we solve it iteratively with the update step as,

<ZJTE 1J>AR eB ZJT '(Rerws, —wr,)

%

Fisher information matrix

€1y

where, X; = cov(RBIwBi — wr,) and J; = wB The



Fisher information matrix, Zn x n captures all the information
contained in the measurements. Since, we compute this online
we do processing in a pre-defined batch size of N. We perform
a Singular Value Decomposition of Z « v for each batch as:

Inxn = USUT, (32)

where, U = [uj,uy...,uy] and S = diag(o1,02...,0n)
is a diagonal matrix of singular values in decreasing order.
The value of the minimum singular value gives an indication
about the information in the batch data. If the minimum
singular value is more than an threshold (design choice)
we conclude the data in the batch is sufficiently excited for
reliable extrinsics computation. If the batch of IMU signals
provide enough information, the estimated poses from the
lidar odometry are selected for online calibration computation
as described in Algorithm [I]

7) Stopping criteria: In our Algorithm [I] we trigger the
optimization process when a pre-defined batch of poses have
been accumulated. However, instead of considering only the
current batch of poses we consider the full set of accumulated
poses from the beginning of operation to encapsulate wider
excitation of different degrees of freedom. At each iteration
we compute the normalized cost function and update the
estimated extrinsic parameters, if it improves the cost function.
Based on our empirical analysis we stop the process once
our cost function is below a certain threshold. We define our
cost function in SE(3) using properties from Riemannian
geometry [33] as,

éry (Ts,, Tr,) = || log(Ri Re, RL )1 + | Ripts, + t5 — b, 1%, (33)

Translation Cost=Egy

Rotation Cost=&rp
0, =0
R-RT) |0l e (0,7)

where, log(R) = { 0
2sin 0

and, Tr(R) =14 2cos¥b.

8) Sensitivity analysis: Here we provide an analytical study
of the effect of additive noise on our optimization problem.

(i) Rotation noise component: First we consider the
rotational noisy components. We assume that the additive
noise still constructs a rotation matrix in SE(3). Considering
the GNSS and the estimated lidar rotational components with
noise as Ry, + 775, and Rgy, +7;,, our optimization problem
becomes,

N
Ry — argmin > (HnBi . 22_1> (34)
RBLVnBi”’]Li Py BB LL
S.1. RBL(RBi + ’l’]Bl) = (RL1 + 'f]Ll) V. (35)
Thus, rearranging Eq. [35] would yield,
n., = (ReRs, — Ry,) + Remy,. (36)

Considering equal co-variance norms we can re-write the
error term, = at t; as,

= 2
:‘(nBiﬂnLi) = ||7713i + ||,’7Li
= 2|ng, I” + 2(ReeRs, — Re,)"Rewmy, + |[ReLRs, — Ry,
2= (RBLnBi)TRBL"]B,L = ngle;_RBLTIBl = |

2 (37)

2
)

2

since, ||RBL773, U

To minimize, we equate the Jacobian of Z(n;_, 7)) to zero.

0=
— =0
a’?Bi
or, dng, + 2Rg (ReRs, — Ry,) =0
1 _
o, Ms, = _§(RB'i - RBLIRLi)' (38)

So, it turns out that under noisy conditions the optimal rotation
finding problem has a similar form as our original rotation
optimization problem in Eq. [I3]

(ii) Translation noise component: Let the relative noisy
translation components for the lidar and the GNSS measure-
ments between timestamps ¢;,_; and ¢; be d1, and Jp,. Let,
Ty, = ty, 1, and Tp, = tp, ,p,. Our optimization problem
becomes,

N-1
ty, = arg min Z <||5Bi (39)

2
teL,05,; .01, ;1 2111)
s.t. (Rp, 5, — Dter = Rpr(m, + 0r,) + (78, + ;) Vi. (40)
Rearranging Eq. 0] we get,
o, = RL (Rg, 5, — Ditge + R (78, + 8p,) — 71, (41)

Considering equal co-variance norms we can minimize the
error term, Z(dp;, d1,) by setting the Jacobians equal to zero.

;1;51 + HaLz

0=
— = 0
965,
OI', 2(551 =+ 2RBL [Rg}_(Rglile — I)tBL + RgL(TBL + (531) - TLJ =0
or, 2(5}37 + (RBz—lBi — I)tBL — (RBLTLi — TB,;) =0
1
or, 0, = —3 (R, 5, — Dtar — (Ravte, y1, — ta,_y5,)] -

42)
Thus, for the translation case we can also show that the

original optimization problem described in Eq. [29] holds true
under noisy conditions as well.

V. EXPERIMENTAL RESULTS

To demonstrate the perforance of the online calibration
system, we conducted several experiments using real world
data collected from the two vehicles illustrated in Fig. [2]
which have a different configuration.

A. Dataset
Dataset collection details for the experiments

Data ‘ Vehicle Sensor setup Length (Km)  Duration (secs)
Seq—l Bus FL7 FR, RL, RR 1.473 136
Seq-2 Bus Fr,Fr 2.086 135
Seq-3 Bus FL,Fr 1.089 50
Seq-4 Truck Fr,Fr,RL,Rp 0.478 67
Seq-5 Truck Fr,Fr,RL,Rr 1.212 73
Seq-67 Truck  Fp — Top, Fr — Top 0.224 164
Seq-7* Truck Fr — Top, Fr — Top 1.088 263
TFront 2 top lidars mounted on the cab were used here.

TABLE I

We use data from a GNSS receiver to produce ground
truth (GT) motion trajectories of the B frame. We analyze
our results on 7 collected test sequences described in Table [T}



B. Online calibration results and repeatability analysis

For the online calibration process we start from a set
of un-calibrated lidars for which only the translation com-
ponents from the vehicle CAD parameters are known. A
GT calibration is performed offline by refining the vehicle
CAD parameters. The refinement process analyzes known
static feature positions around the vehicle and matches
the corresponding detected features between the lidars. We
compare our results to these GT parameters for both vehicles.
We measured translation and rotation error as:

1 ~
At = 3 It —tar|%, (43)
180 1 e
AR = —— cos {2 (Tr(R Rar) — 1)} , (44)

where, AR is the rotation along the principle eigenvector
of (R"'Rgr). We summarize our results in Table [l and
compare our performance to the Kabsch alignment
technique.

In Table [} we show the average of At and AR for the bus
and truck sequences. It can be seen that our online method
produces better results for translation components because of
the bounded variable least square optimization 9} Our method
also produces comparable results for rotation components
outperforming Kabsh alignment in most scenarios.

Average performance comparison of calibration routines

Ours online method

Kabsch alignment

Vehicle ‘ Lidar position

\ | At[m] ARI[°] At[m] ARI°]
FL 10.603 4370 0.766 4,619
Bus Fr 16484  2.167 0.333 2.069
us Ra 3.301 0.249 0.413 0.285
Ry 3.246 0.257 0.359 0.500
FL 9.384 11968  0.318 5.301
Truck Fr 8.583 2.566 0.340 2.006
rue Rr 2.536 1.192 0.311 2.113
R 2.453 0.594 0.506 1.118
FL — Top 9.637 2.462 0.346 2.091
Fr — Top 8.907 3.387 0.388 2141
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Fig. 4. Estimated ¢z, t, and Yaw for bus sequence-1 over different pose
sizes. The GT calibration parameters are represented in red color.

We also show the calibration results for the individual
transformation components in Fig. ] for bus and Fig. [3] truck
for different trajectories. Since, we compare the estimated
lidar pose in sensor frame to the corresponding GNSS pose

*

ii.; 90 70
120 60
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150 ! 30

v

g 4 50
2 3
g , 180 RR ﬁ
>
1 30
0 210 * 330

i
-
No. of corresponding poses
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Y o 270

Y-axis (m) Yaw angle (deg)

Fig. 5. Estimated t;, ¢ty and Yaw for truck sequence-4 over different pose
sizes. The GT calibration parameters are represented in red color.

in B frame for calibration we study the effect of the size of
the associated corresponding poses used for calibration.

As seen in both the sequences, the rotation components
converges to the prior GT calibration as the number of
corresponding poses in the optimization increases. We solved
for the translation components using a bounded variable
problem (£0.3m) since the initial CAD estimates are reliable
and found it converged towards the GT parameters as well.

After running our algorithm we calibrate the lidars online
as seen in Fig. [} Additionally, we demonstrate the online

calibration process in real-time in our supplementary video.
3 i 'E’» ‘mFp, @Ry @R

Fig. 6. Online calibration results for sequence-4.

C. Observability analysis

For our observability analysis we extract the information
matrix from the angular velocity signals. We only choose

Wy FL — Top s
005 ' : J 5
T o WW%%MMWMWW %ﬁwlwmwwﬁ”w*”“}”’% o W'WMWWMW |
oy 47.1167 94.2333 14135 188.467 235.583 282.7
Time (sec)
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SR R
% 47.1167 94.2333 14135 188.467 235.583 282.7
Time (sec)
w
0.2 T
\;\ 0 =11 P00 E— o f\kJ ,\\ 4
o 47.1167 94.2333 14135 188.467 235.583 282.7
Time (sec)
Fig. 7. Tllustration of observability analysis for Seq-7 with angular velocity.

to estimate calibration in segments for which there is
enough excitation in the angular velocity. These segments
are highlighted in green in Fig. [7]



The corresponding trajectory is shown in Fig. 8] We can see
that the trajectory segments selected for calibration correspond
are those with significant turning maneuvers.

100 — T 4
50 /,,/‘/' .
; T / e - )*
-50 H -
-100 S r 1
400 300 200 -100 0 100 400 300 200
X (m)
Fig. 8. Illustration of selected poses with observability analysis for Seq-7.

VI. CONCLUSION

We have presented an observability-aware online multi-
lidar calibration algorithm. The observability aware module
selects trajectory sequences that carry enough excitation for
the different degrees of freedom required for calibration.
Additionally, we provide an analytical study of the effect of
noise on the estimated states used for calibration. We also
provide a stopping measure which halts the calibration when
a satisfactory performance has been achieved.

Our method offers equivalent performance for rotation
estimate and superior outcomes for translation estimate when
compared to trajectory alignment method. For future work
we will develop a method which can generate a driving route
containing observability-aware trajectories which the vehicle
can follow to perform online calibration in a minimum amount
of time possible.
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